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A simple relation is established for the evolution equation of quantum information processing protocols such
as quantum teleportation, remote state preparation, Bell-inequality violation and particularly dynamics of the
geometric quantum correlation measures. This relation shows that when the system traverses the local quantum
channel, various figures of merit of the quantum correlations for different protocols demonstrate a factorization
decay behavior for dynamics. We identified the family of quantum states for different kinds of quantum channels
under the action of which the relation holds. This relation simplifies the assessment of many quantum tasks.
PACS numbers: 03.67.Mn, 03.65.Ta, 03.65.Ud, 03.67.Hk
I. INTRODUCTION
Quantum theory enables the processing of quantum infor-
mation with efficiency that outperforms the classical informa-
tion processing. The quantum correlations, quantified by var-
ious measures, of the computational systems were considered
to be the origin of this superiority [1]. But when implementing
the quantum information processing (QIP) tasks experimen-
tally, one has to face the unavoidable interaction of the quan-
tum devices with their environments, the process of which of-
ten induces decay of correlations because of decoherence [2].
The lost of quantum correlation can generally damage the su-
periority of QIP. Therefore, it is of practical significance to
make clear the behavior of a correlation when it serves as a
resource in carrying out certain QIP tasks. The process of the
decoherence effects can be in general described as the time
evolution of the quantum system.
To assess the time evolution of a given quantum correlation
measure, one usually needs to derive first the time-dependence
of the density matrix, and this is intractable. From a theoreti-
cal point of view, one needs to obtain the evolution of the sys-
tem for every initial states, while from an experimental point
of view, it requires the full reconstruction of the evolved state
via quantum tomography [3]. This either needs much compu-
tational resources or is hard to do experimentally.
Seeking general dynamical law for various correlation mea-
sures can simplify these tasks. As an earlier proposed scenario
of quantum correlation measure, entanglement has been the
focus of researchers for years [1]. Particularly, when one party
of a two-qubit system traverses a noisy channel, the evolution
equation of concurrence [4] was found to be governed by a
factorization law for the initial pure states [5]. This simplifies
the assessment of the evolution of concurrence as to evaluate a
decay factor. Soon a universal curve describing the evolution
of concurrence for general two-qubit states was revealed [6].
Since then, the evolution equations for many other entangle-
ment measures [7–9] or their bounds [10–12] were derived.
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Besides entanglement, the quantumness of correlations can
also be characterized from other perspectives. Those mea-
sures are such as the conventional quantum discord [13], ge-
ometric quantum discord (GQD) [14–19], and measurement-
induced nonlocality [20, 21], which are also resources for cer-
tain QIP tasks [22–24]. Moreover, many measures related to
the explicit quantum tasks (see the following text) reveal also
some kinds of correlations. The decay dynamics for them un-
der different environments have been extensively studied [25–
31]. Yet, some general conclusions still remain absent. Moti-
vated by these, we study in this paper the evolution equations
for various geometric correlation measures when the system
traverses a local quantum channel. We will show that for a
broad class of quantum states, the evolution equations of the
considered correlations are fully characterized by the product
of the initial correlation and a time-dependent factor deter-
mined solely by the structure of the channel. This facilitates
greatly the estimation of the robustness of the correlations in
realistic physical systems.
II. PRELIMINARIES
Consider a general bipartite state ρ in the Hilbert spaceHab.
It can always be decomposed as
ρ = − 1
dadb
Ia ⊗ Ib + ρa ⊗ 1
db
Ib +
1
da
Ia ⊗ ρb + ρc, (1)
where the reduced states ρa = trbρ, ρb = traρ, and the trace-
less ‘correlation operator’ ρc are give by
ρa =
1
da
Ia + ~x · ~X, ρb = 1
db
Ib + ~y · ~Y ,
ρc =
d2a−1∑
i=1
d2b−1∑
j=1
tijXi ⊗ Yj ,
(2)
with ~x = (x1, x2, . . . , xd2a−1)
t
,
~X = (X1, X2, . . . , Xd2a−1)
t
(da = dimHa, and t denotes transpose), and likewise for
~y and ~Y . {Ia/
√
da, ~X} and {Ib/
√
db, ~Y } constitute the or-
thonormal operator bases for Ha and Hb, respectively.
2Two extensively studied cases in the literature are da,b = 2
and 3, for which Xi (and Yj) are given respectively by σi/
√
2
(i = 1, 2, 3) and λj/
√
2 (j = 1, 2, . . . , 8), with σi and λj
being the Pauli and the Gell-Mann matrices. They can de-
scribe the qubit, the qutrit, and the hybrid qubit-qutrit systems,
which are of central relevance to QIP.
The decomposed ρ in Eq. (1) enables the definition of cor-
relation measures from a geometric perspective. We consider
here the definition of the general form
Dp(ρ) = opt
Πa∈M
‖ ρ−Πa(ρ) ‖pp, (3)
where ‖ χ ‖p= [tr(χ†χ)p/2]1/p is the Schatten p-norm, and
opt represents the optimization over some classM of the local
measurements Πa = {Πak} acting on party a.
Eq. (3) covers a series of discord-like correlation measures
being proposed recently. (i) If opt represents minimum and
M is that of the projective measurements, one recovers the
2-norm GQD for p = 2 [14], and the 1-norm GQD for p = 1
[16]. (ii) If ρ is replaced by√ρ, then one obtains the Hellinger
distance quantum discord for p = 2 [18, 19]. (iii) If opt rep-
resents maximum and M is confined to the locally invariant
measurements that maintain ρa, Eq. (3) turns to be the con-
ventional measurement-induced nonlocality for p = 2 [20],
and its modified version for p = 1 [21].
Besides Dp(ρ) that is determined by ~x, ~y, and the ma-
trix T = (tij), there are other measures related to explicit
quantum protocols that are determined solely by T . We con-
sider here the protocols of quantum teleportation, remote state
preparation, and Bell-inequality violation. It has been shown
that the average fidelity of quantum teleportation [32], remote
state preparation [23], and the maximum Bell-inequality vio-
lation [33] were given respectively by
Fqt(ρ) = 1
2
+
1
6
Nqt(ρ), Frsp(ρ) = 1
2
(E2 + E3),
Bmax(ρ) = 2
√
E1 + E2,
(4)
where Nqt(ρ) = tr
√
T †T , and E1 ≥ E2 ≥ E3 are the eigen-
values of T †T .
III. GENERAL RESULTS
We restrict ourselves in the following to the projective mea-
surementsΠa, then it follows from Eqs. (1) and (3) thatDp(ρ)
is solely determined by ~x and T , i.e.,
Dp(ρ) = opt
Πa∈M
‖ ̺−Πa(̺) ‖pp, (5)
where
̺ = ~x · ~X ⊗ 1
db
Ib + ρc. (6)
Now, we suppose the considered system ab passes through
a quantum channel S such that
~x′ = q(t)~x, T ′ = q(t)T, (7)
FIG. 1: (Color online) Comparison of state evolution and geometric
correlation dynamics. For certain family of ρ (denoted by the color
shaded region) the evolution equation for Dp[S(ρ)] can be deduced
from Dp(ρ).
with q(t) being a time-dependent factor that contains only the
information on the channel’s structure, and the primed param-
eters ~x′ and T ′ denote respectively the local Bloch vector and
the correlation tensor for S(ρ), similar as those for ρ in Eq.
(2). Then, from Eq. (7) we know that ̺′ = q(t)̺, and there-
fore, as illustrated in Fig. 1, the formula of Eq. (5) implies
that the evolution equation of Dp[S(ρ)] fulfills the following
factorization decay behavior
Dp[S(ρ)] = |q(t)|pDp(ρ), (8)
which is solely determined by the product of the initial Dp(ρ)
and a channel-dependent factor |q(t)|.
In the operator-sum representation, the evolved state of the
system ab under the action of the local quantum channel S1⊗
S2 (it reduces to the one-sided channel when S1 = Ia or S2 =
Ib) can be written compactly as
(S1 ⊗ S2)ρ =
∑
µν
EµνρE
†
µν , (9)
where S1 denotes the channel for subsystem a and S2 for sub-
system b, and the Kraus operators Eµν = Eµ ⊗ Eν , with Eµ
and Eν satisfy
∑
µE
†
µEµ = Ia and
∑
ν E
†
νEν = Ib.
In order to obtain the conditions under which the evolution
equations of Dp[S(ρ)] obeying the relation (8), we turn to the
Heisenberg picture. Then as xi = trρ(Xi⊗Ib), yj = trρ(Ia⊗
Yj), and tij = trρ(Xi ⊗ Yj) from Eq. (1), we obtain
x′i = tr[ρS†1(Xi)⊗ Ib], y′j = tr[ρIa ⊗ S†2(Yj)], (10)
and
t′ij = tr[(S1 ⊗ S2)ρ(Xi ⊗ Yj)]
=
∑
µν
tr[EµνρE
†
µν(Xi ⊗ Yj)]
=
∑
µν
tr[ρE†µν(Xi ⊗ Yj)Eµν ]
= tr[ρS†1(Xi)⊗ S†2(Yj)],
(11)
where S†1(Xi) =
∑
µ E
†
µXiEµ denotes the map of S1 on Xi,
and likewise for S†2(Yj). We have also used the facts S†1(Ia) =
Ia and S†2(Ib) = Ib when deriving Eq. (10).
3Then, from the above two equations one can derive that Eq.
(7) can be satisfied by a broad class of quantum channels, for
which we will discuss in the framework of the one-sided cases
S1 ⊗ Ib and Ia ⊗ S2, and the two-sided case S1 ⊗ S2.
Theorem 1. If a channel gives S†1(Xi) = qaXi for all {Xi},
and S†2(Yj) = qbYj for all {Yj}, then Dp[S(ρ)] obeys the
factorization decay behavior of Eq. (8) for the families of ρ
with
(1) arbitrary ρa, ρb, ρc (for S1 ⊗ Ib),
(2) ρa =
1
da
Ia, or ρc = 0 (for S1 ⊗ S2 with S2 6= Ib).
(12)
Proof. As for S1 ⊗ S2, we have ~x′ = qa~x and T ′ = qaqbT .
Then it is direct to see that for the special case S2 = Ib which
corresponds to qb = 1, Eq. (7) is always satisfied, and thus
the factorization decay behavior of Eq. (8) holds for arbitrary
bipartite state ρ, i.e., there is no restriction on ρa, ρb, and ρc.
For S1 ⊗ S2 with S2 6= Ib, however, Eq. (7) is satisfied only
when ~x = 0 or T = 0, which corresponds to the family of ρ
with ρa = Ia/da or ρc = 0. This completes the proof. 
In general, S1⊗S2 includes the channelsS1⊗Ib and Ia⊗S2
as two special cases, and thus the range of states for S1 ⊗ Ib
and Ia⊗S2 should be at least as large as that for S1⊗S2. This
is indeed what Theorem 1 implies, as there is no restriction on
the range of states for family (1), while family (2) includes
only those ρ with ρa = Ia/da or ρc = 0.
Theorem 2. If S†1(Xk) = qaXk only for {Xk} with k =
{k1, . . . , kα} (α < d2a − 1), and S†2(Yl) = qbYl only for {Yl}
with l = {l1, . . . , lβ} (β < d2b − 1), then Dp[S(ρ)] obeys the
factorization decay behavior of Eq. (8) for the families of ρ
with
(1) ρa = ρ
(1)
a , ρc = ρ
(1)
c (for S1 ⊗ Ib),
(2) ρa =
1
da
Ia, ρc = ρ
(2)
c , or ρc = 0 (for Ia ⊗ S2),
(3) ρa =
1
da
Ia, ρc = ρ
(3)
c , or ρa = ρ
(1)
a , ρc = 0
(for S1 ⊗ S2),
(13)
where
ρ(1)a =
1
da
Ia +
kα∑
k=k1
xkXk, ρ
(1)
c =
kα∑
k=k1
d2b−1∑
j=1
tkjXk ⊗ Yj ,
ρ(2)c =
d2a−1∑
i=1
lβ∑
l=l1
tilXi ⊗ Yl, ρ(3)c =
kα∑
k=k1
lβ∑
l=l1
tklXk ⊗ Yl.
(14)
Proof. As S†1(Xk) = qaXk and S†2(Yl) = qbYl only for
partial {Xk} and {Yl}, then if components of the local Bloch
vector and the correlation tensor, namely, those xi and tij re-
lated to S†1(Xi) 6= qaXi or/and S†2(Yj) 6= qbYj equal zero, the
requirement in Eq. (7) is always satisfied for S1 ⊗ Ib, while it
is satisfied for Ia⊗S2 and S1⊗S2 by further choosing ~x = 0
or T = 0. Thus, the families of ρ for which the factorization
decay behavior of Eq. (8) holds can be written by combining
these with Eq. (2), which are of the form of Eq. (13). 
Moreover, from Eq. (4) one can show that the evolution
equations of the measures related to quantum teleportation, re-
mote state preparation, and Bell-inequality violation can also
demonstrate some factorization decay behaviors when the sys-
tem ab traverses a quantum channel such that T ′ for S(ρ) is
given by T ′ = q(t)T . They are
Nqt[S(ρ)] = |q(t)|Nqt(ρ),
Frsp[S(ρ)] = |q(t)|2Frsp(ρ),
Bmax[S(ρ)] = |q(t)|Bmax(ρ),
(15)
and after a similar analysis to that for proving Theorem 2, one
can show that the requirement T ′ = q(t)T can be satisfied by
the families of ρ with ρc = ρ(1)c for S1 ⊗ Ib, ρc = ρ(2)c for
Ia ⊗ S2, and ρc = ρ(3)c for S1 ⊗ S2.
Of course, the above conditions are sufficient but not neces-
sary, namely, for certain specifically defined correlation mea-
sures, the relations in Eqs. (8) and (15) may hold even if those
requirements cannot be satisfied [34]. The significance of the
above conditions lies in that they provide a flexible way for
identifying the families of ρ for which the evolution equations
of the considered correlations demonstrate a factorization de-
cay behavior, and this is of practical significance for assessing
the robustness of certain quantum protocols.
In practice, one can determine if a given channel allows the
factorization decay behavior of quantum correlations by full
tomography of the channel, the procedure of which requires
measurements with a limited set of specific states, and thus is
experimentally feasible in principle [35].
The factorization decay behavior presented above can also
be generalized to the symmetric version of the discord-like
geometric correlation measures [25]
D˜p(ρ) = opt
Πab∈M
||ρ−Πab(ρ)||pp, (16)
where the optimization is now taken over the two-sided local
projection-valued measurements Πab = {Πak ⊗ Πbl }. For this
case, if the considered channel yields
~x′ = q(t)~x, ~y′ = q(t)~y, T ′ = q(t)T, (17)
then by combining Eqs. (1), (2), and (16), one can show that
the evolution equation of D˜p[S(ρ)] still abides by a factoriza-
tion decay behavior of the form of Eq. (8). The families of ρ
are as follows:
Theorem 3. If S†1(Xi) = qaXi and S†2(Yj) = qbYj for
all {Xi} and {Yj}, then the factorization decay behavior of
D˜p[S(ρ)] holds for the families of ρ with
(1) ρb =
1
db
Ib, or ρa =
1
da
Ia, ρc = 0 (for S1 ⊗ Ib),
(2) ρa =
1
da
Ia, or ρb =
1
db
Ib, ρc = 0 (for Ia ⊗ S2),
(3) ρa =
1
da
Ia, ρb =
1
db
Ib, or ρa =
1
da
Ia, ρc = 0,
or ρb =
1
db
Ib, ρc = 0 (for S1 ⊗ S2).
(18)
4Proof. As we have ~x′ = qa~x, ~y′ = qb~y, and T ′ = qaqbT for
general S1 ⊗ S2, Eq. (17) is satisfied when ~y = 0, or ~x = 0
and T = 0 for S1 ⊗ Ib, and ~x = 0, or ~y = 0 and T = 0 for
Ia⊗S2, which correspond to those ρ listed in families (1) and
(2) of Eq. (18). For S1 ⊗ S2, however, Eq. (17) holds when
~x = ~y = 0, or ~x = 0 and T = 0, or ~y = 0 and T = 0. These
correspond to the states listed in family (3) of Eq. (18). 
Moreover, if S1 and S2 are the same, we have qa = qb, and
then for S1⊗S2 the factorization decay behavior of D˜p[S(ρ)]
also holds for the family of ρ with only ρc = 0.
Theorem 4. If S†1(Xk) = qaXk only for {Xk} with k =
{k1, . . . , kα} (α < d2a − 1), and S†2(Yl) = qbYl only for {Yl}
with l = {l1, . . . , lβ} (β < d2b − 1), then the factorization
decay behavior of D˜p[S(ρ)] holds for the families of ρ with
(1) ρa = ρ
(1)
a , ρb =
1
db
Ib, ρc = ρ
(1)
c , or ρa =
1
da
Ia,
ρc = 0 (for S1 ⊗ Ib),
(2) ρa =
1
da
Ia, ρb = ρ
(1)
b , ρc = ρ
(2)
c , or ρb =
1
db
Ib,
ρc = 0 (for Ia ⊗ S2),
(3) ρa =
1
da
Ia, ρb =
1
db
Ib, ρc = ρ
(3)
c ,
or ρξ = ρ
(1)
ξ , ρζ =
1
dζ
Iζ , ρc = 0 (for S1 ⊗ S2),
(19)
where ξ = a and ζ = b, or ξ = b and ζ = a, with
ρ
(1)
b =
1
db
Ib +
lβ∑
l=l1
ylYl. (20)
Proof. From the given conditions we know that Eq. (17) is
satisfied by choosing some of the parameters xi, yj , and tij to
be zero. To be explicit, by choosing (1) ~y, xi and tij related
to S†1(Xi) 6= qaXi, or ~x and T to be zero for S1 ⊗ Ib, (2) ~x,
yj and tij related to S†2(Yj) 6= qbYj , or ~y and T to be zero for
Ia ⊗ S2, and (3) ~x, ~y and tij , or xi, ~y, and T , or ~x, yj , and T
related to S†1(Xi) 6= qaXi or/and S†2(Yj) 6= qbYj to be zero
for S1⊗S2. Then, by Eq. (2) it is obvious that the families of
ρ are of the form of Eq. (19). 
Moreover, if S1 and S2 are the same, qa = qb, then under
the action of S1⊗S2 the correlation measure D˜p[S(ρ)] obeys
the factorization decay behavior also for those ρ with ρa =
ρ
(1)
a , ρb = ρ
(1)
b , and ρc = 0.
IV. EXPLICIT EXAMPLES
We construct in the following some quantum channels that
satisfy the conditions listed in the above theorems, and there-
fore the factorization decay behavior presented in Eqs. (8) and
(15) are obeyed by a broad class of ρ.
A. Depolarizing channel
Consider first the depolarizing channel, which represents
the process in which a state ρs is dynamically replaced by the
maximally mixed one. It gives
Si(ρs) = qsρs + (1 − qs) 1
ds
Is, (21)
where i = {1, 2} and s = {a, b}. Eq. (21) corresponds to
the map S†1(Xi) = qaXi and S†2(Yj) = qbYj for all {Xi} and
{Yj}. Therefore, the factorization decay behavior of Eq. (8)
holds for arbitrary ρ if S1 ⊗ Ib is applied, while it holds for
those ρ with ρa = Ia/da or ρc = 0 if Ia⊗S2 and S1⊗S2 are
applied. Moreover, the relations in Eq. (15) hold for any two-
qubit state ρ, whether the depolarizing channel is one-sided or
two-sided.
The fact that the evolution equation of any Dp[S(ρ)] obeys
a factorization decay behavior of Eq. (8) under the action of
the depolarizing channelS1⊗Ib has by itself a practical signif-
icance, as one can infer Dp[S(ρ)] without resorting to the evo-
lution equation of the state ρ itself, and this simplifies greatly
the assessment of the robustness of the considered correlation
measure against decoherence.
The existence of the relation (8) is also a remarkable feature
of the dynamics of the correlation measures defined in Eq. (3)
which differs from those observed for different entanglement
measures [7–12]. There, the different entanglement measures
obey a factorization law for arbitrary one-sided quantum chan-
nel, but ρ is limited to the pure states. Here, although the de-
polarizing channel is limited to be one-sided, the relation (8)
holds for arbitrary (pure and mixed) initial state ρ.
If the depolarizing channel acts locally on b or on ab of the
system, with ρ does not satisfy the condition presented in Eq.
(12), a simple relation of the form of Eq. (8) cannot be derived
in general. But for certain specific correlation measures, one
can still obtain some similar relations determining their dy-
namics. For instance, the 2-norm measurement-induced non-
locality for any (2×n)-dimensional state [20] and the 1-norm
measurement-induced nonlocality for any two-qubit state [21]
had already been derived, from which one can check that the
factorization decay behavior in Eq. (8) always holds.
Moreover, the 2-norm GQD for arbitrary two-qubit state ρ
was given by [14]
D2(ρ) =
1
4
[||~x||22 + ||T ||22 − kmax(K)], (22)
where kmax(K) is the largest eigenvalue of K = ~x~xt + TT t.
Then, as ~x′ = ~x and T ′ = qbT when party b of the system ab
traverses the depolarizing channel, we have
D2[(Ia ⊗ S2)ρ] = 1
4
[||~x||22 + |qb|2||T ||22 − kmax(K ′)], (23)
where K ′ = ~x~xt + |qb|2TT t.
By rewriting K ′ as K ′ = |qb|2K +(1− |qb|2)~x~xt and then
using the Weyl’s theorem, we know that
kmax(K
′) ≤ |qb|2kmax(K) + (1− |qb|2)kmax(~x~xt), (24)
5therefore
D2[(Ia ⊗ S2)ρ] ≥ 1
4
[||~x||22 + |qb|2||T ||22 − |qb|2kmax(K)
−(1− |qb|2)kmax(~x~xt)]
=
1
4
|qb|2[||~x||22 + ||T ||22 − kmax(K)]
+
1
4
(1− |qb|2)[||~x||22 − kmax(~x~xt)]
= |qb|2D2(ρ), (25)
where the second equality is due to ||~x||22 − kmax(~x~xt) = 0.
For S1⊗S2, by replacing ρ in Eq. (25) with (S1⊗ Ib)ρ and
then using Eq. (8), one can obtain
D2[(S1 ⊗ S2)ρ] ≥ |qaqb|2D2(ρ). (26)
Thus for the 2-norm GQD, a relation similar to that of Eq.
(8) is still satisfied, with only the original equality being re-
placed by an inequality.
B. Pauli channels
The possible actions of the channel on a qubit can be char-
acterized by at most four independent Kraus operators that are
linear combinations of the identity and the Pauli matrices. We
consider here the Pauli channelS1 (while S2 is the same as S1,
except that it acts on subsystem b) with the Kraus operators
E0 =
√
ε0I2, Ek =
√
εkσk (k = {1, 2, 3}), (27)
where
∑3
µ=0 E
†
µEµ = I2. This yields
S†1(σ1) = (ε0 + ε1 − ε2 − ε3)σ1,
S†1(σ2) = (ε0 − ε1 + ε2 − ε3)σ2,
S†1(σ3) = (ε0 − ε1 − ε2 + ε3)σ3.
(28)
Then, by supposing x′k = qkxk , we obtain
ε0 =
1
4
(1 + q1 + q2 + q3),
ε1 =
1
4
(1 + q1 − q2 − q3),
ε2 =
1
4
(1− q1 + q2 − q3),
ε3 =
1
4
(1− q1 − q2 + q3).
(29)
This result enables us to construct a number of Pauli chan-
nels for which the evolution equations of the geometric cor-
relations are governed by Eq. (8). For instance, by choosing
qi = qj ≡ q and qk = q0, with i 6= j 6= k, we obtain the Pauli
channels of the following form
E0 =
1
2
√
1 + q0 + 2qI2, Ei =
1
2
√
1− q0σi,
Ej =
1
2
√
1− q0σj , Ek = 1
2
√
1 + q0 − 2qσk.
(30)
FIG. 2: (Color online) Correlation matrices related to the families of
ρ for which the evolution equation of Dp[S(ρ)] is given by Eq. (8),
with the Kraus operators of the channels being given respectively by
(a) Eq. (30) with i = 1, j = 2, and k = 3, (b) Eq. (37) with k1 = 1,
and (c) Eq. (38) with k1 = 1, k2 = 4, and k3 = 6. Here, the
correlation matrix elements denoted by the hollow squares should
be zero, while those denoted by the color shaded squares can take
arbitrary physically allowed values.
For any chosen values of i 6= j 6= k, Eq. (30) gives the
map S†1(σi,j) = qσi,j , and S†1(σk) = q0σk. Thus, it satisfies
the conditions listed in Theorems 2 and 4, and the families of
ρ whose correlation dynamics is governed by Eq. (8) can be
found in Eqs. (13) and (19).
For clearness, we summarized in Fig. 2(a) the above results,
where the correlation matrix is defined as
R =
( 1√
dAdB
yt
x T
)
, (31)
and the square lies in the ith row and jth column represents
the corresponding correlation matrix elements.
Eq. (30) covers the depolarizing channel (q0 = q), and the
bit flip (i = 1), bit-phase flip (i = 2), and phase flip (i = 3)
channels when q0 = 1. It also enables one to identify those ρ
for which the correlations are immune of decay. For example,
we have S†1(σ1,2) = qσ1,2 and S†1(σ3) = σ3 for the phase
flip channel S1 ⊗ I2. Thus, if x1,2 and the first two rows of T
in Eq. (2) equal zero, then Dp[S(ρ)], Nqt[S(ρ)], Frsp[S(ρ)],
and Bmax[S(ρ)] will do not decay with time. Similar results
can be obtained for the bit flip and bit-phase flip channels.
The channels of Eq. (30) are unital, i.e., S1(I2/2) = I2/2.
We now further consider an nonunital channel, i.e., the gener-
alized amplitude damping channel with
E0 =
1
2
√
ηn¯[(1 + q)I2 − (1 − q)σ3],
E1 =
1
2
√
ηn¯′ [(1 + q)I2 + (1− q)σ3],
E2 =
√
ηn¯
√
1− q2σ−,
E3 =
√
ηn¯′
√
1− q2σ+,
(32)
6where σ± = (σ1 ± iσ2)/2, ηn¯′ = 1 − ηn¯, and ηn¯ is a pa-
rameter determined by the average thermal photons n¯ in the
reservoir [36]. When ηn¯ = 1, one recovers the zero tempera-
ture reservoir, which has been discussed extensively with the
Lorentzian, or the sub-Ohmic, Ohmic, and super-Ohmic type
spectral densities [30].
This generalized amplitude damping channel gives the map
S†1(σ1,2) = qσ1,2, and S†1(σ3) = [1 + 2ηn¯(q2 − 1)]I2 −
2q2|1〉〈1|, with |1〉 being the lower energy state of σ3. As a re-
sult, it also satisfies the conditions listed in Theorems 2 and 4,
and thus the families of ρ for which the evolution equations of
Dp[S(ρ)] and D˜p[S(ρ)] obey a factorization decay behavior
can be obtained directly by using Eqs. (13) and (19).
C. Gell-Mann channels
The Gell-Mann matrices are of the following form
λ1 =

 0 1 01 0 0
0 0 0

 , λ2 =

 0 −i 0i 0 0
0 0 0

 ,
λ3 =

 1 0 00 −1 0
0 0 0

 , λ4 =

 0 0 10 0 0
1 0 0

 ,
λ5 =

 0 0 −i0 0 0
i 0 0

 , λ6 =

 0 0 00 0 1
0 1 0

 ,
λ7 =

 0 0 00 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 00 1 0
0 0 −2

 .
(33)
The possible actions of the channel on a qutrit can be de-
scribed by the Kraus operators that are linear combinations of
the identity and the Gell-Mann matrices, and for convenience
of presentation, we call them Gell-Mann channels. Similar
as the qubit system, we consider here the representative class
of S1 (with S2 being the same as S1, except that it acts on
subsystem b) with the Kraus operators being given by
E0 =
√
ε0I3, Ek =
√
εkλk (k = {1, 2, . . . , 8}), (34)
where
∑8
µ=0 E
†
µEµ = I3.
Then, we suppose S†1(λk) = qkλk for the purpose of find-
ing the channel under the action of which the evolution equa-
tions of the correlation measures obey a factorization decay
behavior. After a straightforward calculation, we obtain that
the parameters qk must satisfy the following relations
q1 + q2 + q3 = q6 + q7 + q8,
q4 + q5 = q6 + q7,
(35)
under which we have
ε0 =
1
9
(1 + 3q6 + 3q7 + 2q8),
ε1 =
1
12
(2 + 6q1 − 3q6 − 3q7 − 2q8),
ε2 =
1
12
(2 + 6q2 − 3q6 − 3q7 − 2q8),
ε3 =
1
12
(2 + 6q3 − 3q6 − 3q7 − 2q8),
ε4 =
1
12
(2 + 3q4 − 3q5 − 2q8),
ε5 =
1
12
(2− 3q4 + 3q5 − 2q8),
ε6 =
1
12
(2 + 3q6 − 3q7 − 2q8),
ε7 =
1
12
(2− 3q6 + 3q7 − 2q8),
ε8 =
1
12
(2− 3q6 − 3q7 + 4q8).
(36)
The depolarizing channel for a qutrit can be considered as
a special case of Eq. (34), which corresponds to qk = q for all
k = {1, 2, . . . , 8}. Moreover, by choosing qk1,8 = 1 (k1 = 1,
2, or 3), and qk = q for all k /∈ {k1, 8}, we present the class
of the Gell-Mann channels with
E0 =
√
1 + 2q
3
I3, E1 =
√
1− q
2
λk1 ,
E2 =
√
1− q
2
λ8,
(37)
which gives S†1(λk) = λk for k ∈ {k1, 8}, and S†1(λk) = qλk
otherwise. Clearly, it satisfies the conditions listed in Theo-
rems 2 and 4, and thus the families of ρ for which the evolu-
tion equations of the considered correlations are governed by
Eq. (8) can be found in Eqs. (13) and (19). See Fig. 2(b) for
the related correlation matrices.
By choosing qk1,k2,k3 = q (here k1 = 1, 2, or 3, k2 = 4 or
5, and k3 = 6 or 7), and qk = 3q − 2 for all k /∈ {k1, k2, k3},
we present here another class of the Gell-Mann channels de-
scribed by the Kraus operators
E0 = (2q − 1)I3, E1 = (1 − q)λk1 ,
E3 = (1− q)λk2 , E3 = (1− q)λk3 ,
(38)
which gives the map S†1(λk) = qλk for k ∈ {k1, k2, k3}, and
S†1(λk) = (3q − 2)λk otherwise. Thus, the families of ρ for
which Dp[S(ρ)] and D˜p[S(ρ)] obey the factorization decay
behavior can be obtained from Eqs. (13) and (19), respec-
tively. See Fig. 2(c) for the related correlation matrices.
V. SUMMARY AND DISCUSSION
In summary, we have investigated the evolution equations
for a series of geometric correlation measures. These mea-
sures are all related with certain forms of the Schatten p-norm.
7We have established a simple relation that determines the evo-
lution of these correlation measures. This relation is of cen-
tral relevance for assessing the robustness of the related cor-
relations which might be the resource of QIP tasks such as
the input-output gate operation in sequential quantum com-
puting and the experimental generation of quantum correlated
resources in noisy environments. Moreover, as S(ρ) may rep-
resents the action of environment, of measurements, or of both
on ρ, and the factorization decay behavior applies to various
systems, various discord-like correlation measures, and even
further various figures of merit associated with quantum tele-
portation, remote state preparation, and Bell-inequality viola-
tion, the criteria provided in this work are also useful for eas-
ing the evaluation of correlations in these tasks. A deep explo-
ration of these relations might also be related with the struc-
ture of entanglement spectrum in describing topology of band
structures of many-body systems [37–39]. We hope these re-
sults may shed some lights on understanding the essence of
quantum correlations and their applications in QIP and con-
densed matter physics.
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